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Lighthill has derived a nonlinear singular Volterra integral equation to describe the
temperature distribution of the surface of a projectile moving through a laminar
boundary layer at high Mach numbers. This paper presents high order product
integration methods for its numerical solution and analyses their convergence.
Numerical results are given.
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1. INTRODUCTION

Consider the Volterra integral equation

1 = Fiz)

F(Z)4_—_- — 221/2 ..!- (23/2_2?/2)1/3

dz,;; F(0)=1, lim F(z)=0. (L.1)

zZ—

Lighthill [5] obtained two series solutions, one for small z and
one for large z and faired these two curves together.
Following Noble (see Anselone [1], p. 215) using Abel’s-type
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inversion formula it is not difficult to show that (1.1) can be
rewritten in the more convenient form

3./3%  z[F(2)]*

27 b (W3s“2 _23‘2)2,"3

Fw)=1— dz. (1.2)

Franco, McKee and Dixon [3] have employed a novel Gronwall
lemma to demonstrate the convergence of a simple product in-
tegration method for solving (1.2). The object of this paper is to
present a family of high order methods and show that they are
convergent.

2. THE NUMERICAL METHOD

Consider the Volterra integral equation

338 sDus)®
)7([):1 — ;7[ (EW{{S, TE[O,I]. (21)

The method we shall propose replaces [1(s)]* by some high order
interpolating polynomial.

Let r=t;=ih where h is the mesh spacing and is defined to be such
that Nh=ty=1.

We define for all he(0, hy), hy >0, the function

A C[0,1]-RN*!
such that

A1) =($(0), ¢(h), ..., $(1 —h), p(1))T.
Let @,z =0 define all algorithms such that
(I)h:RN+1—>RN+1.
Rewrite Eq. (2.1) in the form

3 /,//:—3 i—=1 tj+1 , 4
Wi)=1— " s[y(s)] s (2)

s i (=577
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and replace [y(s)]* for se[t;,t;,,] by

( n—j . 4 n—j
i L] e 0550
P )= . ) 23)
o T ’Eﬁ]ri]w(ll) . II =120
\ g n<j<i—l.
We can define the algorithm
yi—Vs, 0=iZn-—1
©, ] = , (2.4
ol Vi —1+3—\/7—h Z L\/}w,iyf, n<i<N )

ll ] 27.[

where J, 0<i<n—1, are given initial values, y; is an approximation
to y(t;) and
( 1 1 n—1

[Ty (WIZO I(gds)m ., 1 [(s), j=0

1 1
i {(1),, Tjtn— z I(gds)m 1—1+,l(‘))

|
— 1G4 p+ 1)

ij

x 1n+p(gi(s)n1*n.j*n' p,n+p(s))} 1§]§n

1
D g - l= I j+ 1)

\M

X T(gids) Ty —u, 14 (5)), ntl<j<i—I

1 1

o (= oo B ) =i

.
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Here we have used and subsequently use the notation

' s
gi(‘s):(tis/z_swz)z/a

g,=min{j—1,i—-n—1}

and

g,=min{i—1, j+n—1}.
Also here and henceforth we bave used the notation

Y D;=0; [[ D=1

je® jc®

if ® denotes the empty set.
In matrix notation (2.4) becomes

3./3
(Dhy:J/*e“’%(h/“[v‘F BN)y4

where y*=(y8, y1,.... v

e=o, Prs-eaFn-1s L1, DT

ijs

y wy, n=isN, 0=j<i-|
(An)i= 0, otherwise

and

By=diag(0,0,...,0, w,,,...,wyy) with n zeros.

3. CONSISTENCY

(2.6)

We begin by defining what we mean by convergent starting values.
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DeriniTiON 3.1, The starting values 7, i=0,1,...,n—1 are said to
be convergent of order n+1 if, for 0=i<n—1, there exists C,,
independent of A and N, such that

|yi_)7i,§C1h"+1'

TueoreMm 3.2 The discretization @, is consistent of order n+1 if
there exists C, independent of h and N, such that for all i=zn we have

<Ch"*'. (3.1

3./3 .
[Ah}’(l) —e +?(h/41v + By)A,[¥(0)] J

i

Proof We need only consider

ﬁ&mwmrwﬁg@bwm»

= [T LISt P

ggm (@S (5) — P(s)])

£5 L) — P

where P,(s) is defined by (2.3) and f(y(s)) =[v(s)]*
Using the error formula for interpolation (e.g. Isaacson and Keller
[4], p. 190) we have

(n+1)
"-”Jf(nl%:» 0<j<n—1
SW(s)) = P(s)= s (3.2)
niA917;§%$i n<j<iol

where CHeltot,) and EFe(t;_ 410154 ).
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Here we have used and subsequently use the notation

B
nb(s) =kH (S—tj4p)-
Let

I} =|I{gdILf M(s) — P()])], 0L jsn—1

and

B=[I{&(s)L/ (M)~ Ps)D|. n<j<i—1.
Then using (3.2) and the fact that for
seltytjeids Sl/zét}fl

and that for 0 j<n—1,
max {|7" ()|} =+ DWW th(n— eI,

we can write

f("+1)(f})| ti+1 s1/2

S8 G+ D= ke

where &l ezt )
Hence on evaluation of the integral

I} < C/t}izlhn+3/2{(i3/2 _j3/2)1/3 __(i3/2 —(j+ 1)3/2)1/3}_

Analogously, for n< j<i—1, we obtain

112 § C’lt}izlh"+3/2{(l.3/2 _j3/2)1/3__(l~3/2_(j+ 1)3/2)1/3}'

(D)} (s

ds
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Therefore

n—1

Z 11 + Z I Ctil/zhn+3/2 iil [(i3/2_j3/2)1/3_(i3/2_(j+1)3/2)1/3]
j=0
=Cti1/2hn+3/2i1/2
since
i [(13/2 3/2 1/3 (i3/2—(j+1)3/2)1/3]=i1/2 (33)
and so

n—1 i—1
Z Ijl+ z I?éctllvllhn+3/2N1/2zchn+l
j=0 j=n

since ty=Nh=1.

This completes the demonstration of consistency.

Before stating a convergence theorem a bound is required on the
quadrature weights w;;.

Lemma 3.2 The quadrature weights w;; are bounded as follows:

M, j=0
J
Wil { M —r—55y, ISjSi—1
’ TS (P2 32273 J
MRY3 | =i

where M is some constant independent of i, j and h.

Proof The demonstration of this result is not difficult but is
tedious due to the many cases that need to be considered (see
Franco [2]).

We are now in a position to prove the convergence of the method.
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4. CONVERGENCE

Before proving convergence we require a lemma from Franco,
McKee and Dixon [3].

Lemma 4.1 Let x, i=0,1,...,N be a sequence of real numbers
satisfying:

,x(),§5)

x| <3(1+ Mh) +Mhz(~3/7%/zﬁg‘xi|, i=1,2,...N (41)

where 6 >0, M >0 is independent of h, then
x| < 8(1+ MR 1-+2MB(, %) +4M>B(, B3}
xexp(GM>B(2.3)B3,3), i=0,1,...,N. 4.2)
THEOREM 4.2 Suppose that the discretization ®, is consistent of order
n+1 and that the starting values are convergent of order n+1. Then
the discretization ®, is convergent of order n+ 1.
Proof Using (2.6) and adding and subtracting (3\/§/2n)(hAN+

ByA,[y(t)]* and using the triangle inequality results in

3./3
Ly =831 é% L(hAy + Bu)(y* — ALV 1]

3./3
+ [Ah}’(l)'€+%(hAN+BN)AhD’(T)]4]

3./3 i—1
= %’“ ¥ [An [Tyt = Ay 014)
\/

— ; N)HH[,V - h[y 4] |+Chn*]

using consistency and convergence of the starting values.
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Since y is bounded (Lighthill [5]) the function f(y)=)* is
Lipschitz continuous with Lipschitz constant L, say. Thus

3./3 -1
‘[y—Ahy(t)]i‘ §—‘\/ Lh z \(AN)ijI “:y —'Ahy(t)]jl
27 ji=0

+32§L max Byl [y — A0 +ChH"".

Finally from Lemma 3.1 we have
M, j=0
(Ap)y|=[wi| = j
(i3/2 _ j3/2)2/3 4

and

’(BN)ii' = IWiil < Mhl/s, izn.

Therefore for h sufficiently small

hM’
\Ty— Apy(D)1i) é(T——m {b)o — Apy(to)]

+ i (—lﬁ_JJT/i)zT “:y_Ahy(t)]j|} +0

=1

where M'=(3./3/2m) L and 6=Ch"*1/(1— M'h'?),
Since |y, — Auto)| S C A" ! we have

[~ Ay S8+ M0+ Mh S, s [y =)

where M =M'/(1—M'h'/3).
Application of Lemma 4.1 leads to the required results.
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b. NUMERICAL RESULTS

Equation {2.1) was solved by the product integration methods (2.4)
of orders one, two and three. Table 1 displays the values obtained
with mesh spacings A=0.25, 0.025 and 0.0025 and convergence
would appear to be being obtained. In Figure 1, the result with n=2
(order 3 method) and h=0.02§ is presented graphically. It is seen to
display good agreement with those obtained by Lighthill’s asympto-
tic methods and his somewhat ad hoc approach of fairing together
the two curves, one having been obtained from a small z asymptotic
expansion and the other from a large z expansion. These results
therefore justify Lighthill’s approach.

y(t)
1.0+
754
50+
.25
T T T T
00 BOo 1.0 1.5 20 t

FIGURE 1
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